
Imperial College London

Probabilistic Neural Networks with 
Embedded Linear Equality Constraints

matthew.marsh20@imperial.ac.uk

Matthew Marsh1,

Benoît Chachuat1,
Antonio del Rio Chanona1

Background

Methodology

Results

Outlook
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𝛍𝐐, 𝚺𝐐 = 𝐂 𝛍𝐏, 𝚺𝐏

Neural Networks are powerful modelling 

tools – But…
• Require lots of data

• Lack uncertainty 
   quantification

• May violate known 

   physical constraints

Probabilistic Neural Network
Model parametrises output distribution as a 

Multivariate Gaussian: 

𝑝 𝐲 𝐱 = 𝓝 𝛍𝐏, 𝚺𝐏 ; 𝛍𝐏, 𝚺𝐏 = 𝐟𝛉 𝐱

Conditioning on Linear-Gaussian 

Systems
Defining the residual of an affine constraint:

𝐳 = 𝐀𝐱 + 𝐁𝐲– 𝐛 + 𝛜; 𝛜 ∼ 𝓝 𝟎, 𝛔𝛜𝐈  
As 𝐳 itself is Gaussian, condition the original 

output distribution on constraint satisfaction: 

p 𝐲 𝐱, 𝐳 =  𝟎 = 𝓝 𝛍𝐐, 𝚺𝐐
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Then train on the Conditional Gaussian Negative-Log-Likelihood 

𝓛 𝛉 =
1
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𝐲 − 𝛍𝐐

⊤
𝚺𝐐

−𝟏 𝐲 − 𝛍𝐐 + 𝐥𝐨𝐠 𝚺𝐐

The conditioning projects the model output onto the constraint 

manifold in closed form – always satisfied by design: 

𝛍𝐐 = 𝛍𝐏 + 𝚺𝐏𝐁⊤ 𝐁𝚺𝐏𝐁⊤ + 𝛔𝛜𝐈 −𝟏 𝐛– 𝐀𝐱– 𝐁𝛍𝐏

𝚺𝐐 = 𝚺𝐏 − 𝚺𝐏𝐁⊤ 𝐁𝚺𝐏𝐁⊤ + 𝛔𝛜𝐈 −𝟏𝐁𝚺𝐏

𝐳 = 𝟎

𝐳

𝐲

p 𝐲 𝐱 = 𝓝 𝛍𝐏, 𝚺𝐏
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p 𝐲 𝐱, 𝐳 = 𝟎 = 𝓝 𝛍𝐐, 𝚺𝐐

• Improve uncertainty calibration

• Implement with a non-

Gaussian uncertainty profiles

• Enforce non-linear constraints
• Large scale system modelling

     and warm start training

• Alternative frameworks, Neural 

ODEs - constraints on the 
gradients

?

Case Study
• Modelling of a dynamic batch 

reactor, with embedded mass 
conservation

• Investigated performance on 

noisy data, with varying 

amounts of data

Key Findings
• Data was main differentiator between performance, with 

impressive one-shot performance compared to baselines

• Also had up to 2.5x speed increase when training CPNN 
compared to baselines – altering the loss landscape

• However - all models overestimated uncertainty prediction

Prediction on test set 

with 1 training 
simulation

Prediction on test set 

with 100 training 
simulations
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𝐀 + 𝐁 → 𝐂

 𝐁 + 𝐂 → 𝐃
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